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plan
•Diviser pour régner
•Gloutons
•Programmation dynamique
•Backtracking
•Algorithmes de flots
•Complexité amortie (Union-Find)
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objectifs
Apprendre à manipuler les algorithmes.

• concevoir
• analyser
• chercher dans la littérature
• comprendre
• modifier
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Fontionnement du 
cours

Cours et TD

Cours: jeudi 14h30 → 16h30
TD1: F. de Montgolfier, mercredi 8h30→10h30; 247E
TD2: S. Laplante, mercredi 10h30→12h30; 470E puis 236

francoisl@liafa.univ-paris-diderot.fr
http://www.liafa.univ-paris-diderot.fr/~francoisl/m1algo.html
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Fontionnement du 
cours

Cours et TD et : «exprime une addition, une 
liaison, un rapprochement...» 

(le Petit Robert)

Cours: jeudi 14h30 → 16h30
TD1: F. de Montgolfier, mercredi 8h30→10h30; 247E
TD2: S. Laplante, mercredi 10h30→12h30; 470E puis 236

francoisl@liafa.univ-paris-diderot.fr
http://www.liafa.univ-paris-diderot.fr/~francoisl/m1algo.html
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Fontionnement du 
cours

Cours et TDX+
et : «exprime une addition, une 
liaison, un rapprochement...» 

(le Petit Robert)

Cours: jeudi 14h30 → 16h30
TD1: F. de Montgolfier, mercredi 8h30→10h30; 247E
TD2: S. Laplante, mercredi 10h30→12h30; 470E puis 236

francoisl@liafa.univ-paris-diderot.fr
http://www.liafa.univ-paris-diderot.fr/~francoisl/m1algo.html
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Contrôle des 
connaissances

Un examen + du contrôle continu
CC =  (1 devoir «maison» +1 partiel) 

       ∨ 

( 2 devoirs «maison»)
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Exemple
Un problème:
Etant donné un tableau de nombres (positifs ou 
négatifs) de taille n, calculer la somme 
maximale des éléments d’un sous-tableau.

Voir J. Bentley 

«Pearls of programming»
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Exemple
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8 -10 10 4 -19 40 0 5 -9 14 2 3 78 7 -24 6 9 -18 7 2

suite de cases consécutives

Voir J. Bentley 

«Pearls of programming»

6jeudi 20 septembre 2012

Exemple
Un problème:
Etant donné un tableau de nombres (positifs ou 
négatifs) de taille n, calculer la somme 
maximale des éléments d’un sous-tableau.

8 -10 10 4 -19 40 0 5 -9 14 2 3 78 7 -24 6 9 -18 7 2

somme de tous les éléments = 115

suite de cases consécutives

Voir J. Bentley 

«Pearls of programming»

6jeudi 20 septembre 2012

Exemple
Un problème:
Etant donné un tableau de nombres (positifs ou 
négatifs) de taille n, calculer la somme 
maximale des éléments d’un sous-tableau.

8 -10 10 4 -19 40 0 5 -9 14 2 3 78 7 -24 6 9 -18 7 2

somme de tous les éléments = 115

somme max:= 140



Les cas simples...
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Les cas simples...
8 0 10 4 19 40 0 5 9 14 2 3 78 7 2 6 9 8 7 2

solution ?
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Les cas simples...
8 0 10 4 19 40 0 5 9 14 2 3 78 7 2 6 9 8 7 2

solution ? la somme totale... 223 

-8 -10 -10 -4 -19 -40 -10 -5 -9 -14 -2 -3 -78 -7 -24 -6 -9 -18 -7 -2

solution ?
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Les cas simples...
8 0 10 4 19 40 0 5 9 14 2 3 78 7 2 6 9 8 7 2

solution ? la somme totale... 223 

-8 -10 -10 -4 -19 -40 -10 -5 -9 -14 -2 -3 -78 -7 -24 -6 -9 -18 -7 -2

solution ? 0 ! (i.e. un sous-tableau de taille 0)
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Le problème

sum[i,j] =     ∑  T[k]:
k∈ [i;j]

Résultat:     Max { sum[i,j]    |   0 ≤  i,j ≤  n-1 }

Donnée: un tableau T[0..n-1]
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Le problème

sum[i,j] =     ∑  T[k]:
k∈ [i;j]

Résultat:     Max { sum[i,j]    |   0 ≤  i,j ≤  n-1 }

Donnée: un tableau T[0..n-1]

intervalle: i,i+1,...,j
8jeudi 20 septembre 2012

Algo 1
Enumérer tous les sous-tableaux...
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Algo 1
Enumérer tous les sous-tableaux...

def algo1(T[0...n-1]) : 
    maxsofar = 0    
    for i = 0,...,n-1 :
        for j = i...n-1 :
            sum = 0
            for k = i,...j :
                sum += T[k]
            maxsofar = max(maxsofar,sum)
    return maxsofar
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    for i = 0,...,n-1 :
        for j = i...n-1 :
            sum = 0
            for k = i,...j :
                sum += T[k]
            maxsofar = max(maxsofar,sum)
    return maxsofar

Max { sum[i,j]  | 0 ≤  i,j ≤  n-1 }
sum[i,j] = ∑T[k]

k∈ [i;j]

9jeudi 20 septembre 2012

Algo 1
Enumérer tous les sous-tableaux...

def algo1(T[0...n-1]) : 
    maxsofar = 0    
    for i = 0,...,n-1 :
        for j = i...n-1 :
            sum = 0
            for k = i,...j :
                sum += T[k]
            maxsofar = max(maxsofar,sum)
    return maxsofar



Algo 2
idée: beaucoup de calculs inutiles dans algo1...

8 -10 10 4 -19 40 0 5 -9 14 2 3 78 7 -24 6 9 -18 7 2

sum=21
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Algo 2
idée: beaucoup de calculs inutiles dans algo1...

8 -10 10 4 -19 40 0 5 -9 14 2 3 78 7 -24 6 9 -18 7 2

sum=21
: 35
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Algo 2

def algo2(T[0...n-1]) : 
    maxsofar = 0    
    for i = 0,...,n-1 :
        sum = 0
        for j = i,...,n-1 :
            sum += T[j]
            maxsofar = max(maxsofar,sum)
    return maxsofar
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Algo 2
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        sum = 0
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            maxsofar = max(maxsofar,sum)
    return maxsofar

itération i:

i-1
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Algo 2

def algo2(T[0...n-1]) : 
    maxsofar = 0    
    for i = 0,...,n-1 :
        sum = 0
        for j = i,...,n-1 :
            sum += T[j]
            maxsofar = max(maxsofar,sum)
    return maxsofar

itération i:

i-1
calcul des sous-tableaux 

commençant en i-1

11jeudi 20 septembre 2012

Algo 2

def algo2(T[0...n-1]) : 
    maxsofar = 0    
    for i = 0,...,n-1 :
        sum = 0
        for j = i,...,n-1 :
            sum += T[j]
            maxsofar = max(maxsofar,sum)
    return maxsofar

itération i:

i-1



Algo 3
Autre idée:

ji
sum[0,i]:
sum[0,j]:

sum[i,j] = sum[0,j] - sum[0,i-1]
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Algo 3
def algo3(T[0..n-1]) :
    sum[i] = 0       ∀ i = -1,0,...,n
    for i = 0..n-1 :
        sum[i] = sum[i-1]+T[i]
    maxsofar = 0    
    for i = 0..n-1 :
        for j = i..n-1 :
            sumij = sum[j] - sum[i-1]
            maxsofar = max(maxsofar,sumij)
    return maxsofar
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Algo 3
def algo3(T[0..n-1]) :
    sum[i] = 0       ∀ i = -1,0,...,n
    for i = 0..n-1 :
        sum[i] = sum[i-1]+T[i]
    maxsofar = 0    
    for i = 0..n-1 :
        for j = i..n-1 :
            sumij = sum[j] - sum[i-1]
            maxsofar = max(maxsofar,sumij)
    return maxsofar

ici sum[i] = «sum[0,i]»
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Algo 3
def algo3(T[0..n-1]) :
    sum[i] = 0       ∀ i = -1,0,...,n
    for i = 0..n-1 :
        sum[i] = sum[i-1]+T[i]
    maxsofar = 0    
    for i = 0..n-1 :
        for j = i..n-1 :
            sumij = sum[j] - sum[i-1]
            maxsofar = max(maxsofar,sumij)
    return maxsofar



Algo 4
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Algo 4
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Algo 4

Calcul du max...Calcul du max...



Algo 4

sous-tab max sous-tab max
m1 m2

k
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Algo 4
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Algo 4

  

def algo4(T,l,u) :
    if (l>u) : return 0
    if (l==u) : return max(0,T[l])
    m = (l+u)/2

    lmax = sum = 0
    for i = m..l  : 
        sum += T[i]
        lmax = max(lmax,sum)
    rmax = sum = 0 
    for i = m+1..u : 
        sum += T[i]
        rmax = max(rmax,sum)

    return max(lmax+rmax, algo4(T,l,m),algo4(T,m+1,u))
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Algo 4

  

def algo4(T,l,u) :
    if (l>u) : return 0
    if (l==u) : return max(0,T[l])
    m = (l+u)/2

    lmax = sum = 0
    for i = m..l  : 
        sum += T[i]
        lmax = max(lmax,sum)
    rmax = sum = 0 
    for i = m+1..u : 
        sum += T[i]
        rmax = max(rmax,sum)

    return max(lmax+rmax, algo4(T,l,m),algo4(T,m+1,u))



Algo 5
Idée: on parcourt le tableau de gauche à 
droite en gardant:
• le sous-tableau max rencontré dans la partie gauche 
parcourue
• le sous-tableau «suffixe» max se terminant à la 
position courante.

i0 n-1

Mise à jour: comparer + et

( si + positif )
17jeudi 20 septembre 2012

Algo 5
def algo5(T[0..n-1]) :
    maxsofar = 0
    maxendinghere = 0

    for i = 0..n-1 :
        maxendinghere = max(maxendinghere + T[i],0)
        maxsofar = max(maxsofar,maxendinghere)

    return maxsofar
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Algo 5
def algo5(T[0..n-1]) :
    maxsofar = 0
    maxendinghere = 0

    for i = 0..n-1 :
        maxendinghere = max(maxendinghere + T[i],0)
        maxsofar = max(maxsofar,maxendinghere)

    return maxsofar

Complexité en O(n)
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Bilan
Algo 1 Algo 2

Algo 3 Algo 4 Algo 5

O(n3) O(n2) O(n.log n) O(n)

naif... diviser-pour-
régner scan
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Programming Pearls 

TABLE I. Summary of the Algorithms 

Algorithm 1 2 3 4 

Lines of C Code 8 7 14 7 

Run time in 3.4N 3 13N 2 46N log N 33N 
microseconds 
Time to solve 102 3.4 secs 130 msecs 30 msecs 3.3 msecs 
problem of size 103 .94 hrs 13 secs .45 secs 33 msecs 

104 39 days 22 mins 6.1 secs .33 secs 
10 s 108 yrs 1.5 days 1.3 min 3.3 secs 
106 108 mill 5 mos 15 min 33 secs 

Max problem sec 67 280 2000 30,000 
solved in one min 260 2200 82,000 2,000,000 

hr 1000 17,000 3,500,000 120,000,000 
day 3000 81,000 73,000,000 2,800,000,000 

If N multiplies by 1 O, 1000 1 O0 1 O+ 10 
time multiplies by 

If time multiplies by 2.15 3.16 10-  10 
1 O, N multiplies by 

Equipment Corporation VAX-11/750, 2 timed them, and 
extrapolated the run times to achieve Table I. 

This table makes a number of points. The most im- 
portant is that proper algorithm design can make a big 
difference in run time; that point is underscored by the 
middle rows. The table also shows something of the 
different character of cubic, quadratic, N log N and 
linear algorithms: the last two rows show how the prob- 
lem size and run time vary as a function of each other. 

Another important point is that when we're compar- 
ing cubic, quadratic, and linear algorithms with one 
another, the constant factors of the programs don't  mat- 
ter much. To underscore this point, I conducted an 
experiment in which I tried to make the constant fac- 
tors of two algorithms differ by as much as possible. To 
achieve a huge constant factor I implemented Algo- 
rithm 4 on a BASIC interpreter on a Radio Shack TRS- 
80 Model III microcomputer. For the other end of the 
spectrum, Eric Grosse of AT&T Bell Laboratories and I 
implemented Algorithm 1 in fine-tuned FORTRAN on a 
CRAY-1 supercomputer. We got the disparity we 
wanted: the run time of the cubic algorithm was meas- 
ured as 3.0N 3 nanoseconds, while the run time of the 
linear algorithm was 19,500,000N nanoseconds. Table II 

shows how those expressions translate to times for var- 
ious problem sizes (the same data is displayed graphi- 
cally in Figure 1.) 

The difference in constants (a factor of six and a half 
million) allowed the cubic algorithm to start off faster, 
but the linear algorithm was bound to catch up. In this 
case, the break-even point for the two algorithms is 
around 2,500, where each takes about 50 seconds. 

Principles 
The history of the problem sheds light on the algorithm 
design techniques. The problem arose in a pattern- 
matching procedure designed by Ulf Grenander of 
Brown University in the two-dimensional form de- 
scribed in Problem 7. In that form, the maximum sum 
subarray was the maximum likelihood estimator of a 
certain kind of pattern in a digitized picture. Because 
the two-dimensional problem required too much time 
to solve, Grenander simplified it to one dimension to 
gain insight into its structure. 

Grenander observed that the cubic time of Algorithm 
I was prohibitively slow, and derived Algorithm 2. In 
1977 he described the problem to Michael Shamos of 
UNILOGIC, Ltd. (then of Carnegie-Mellon University) 

TABLE II. The Tyranny of Asymptotics 

N 
Cray-1, 

FORTRAN, 
CubicAIgonthm 

TRS-80, 
BASIC, 

LinearAIgonthm 

10 
100 

1000 
10,000 

100,000 
1,000,000 

3.0 microsecs 
3.0 millisecs 

3.0 secs 
49 mins 
35 days 
95 yrs 

200 millisecs 
2.0 secs 
20 secs 
3.2 mins 
32 mins 
5.4 hrs 

2 VAX is a trademark of Digital Equipment Corporation. 
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CRAY-1 vs TRS 80 ?
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P r o g r a m s  

w h o .o v e r n i g h t .d e s i g n e d .A l g o r i t h m .3.. W h e n .S h a m o s  s h o w e d .m e  t h e  p r o b l e m .s h o r t l y  t h e r e a f t e r ,  w e  t h o u g h t .it.w a s  p r o b a b l y  t h e  b e s t .possible;.r e s e a r c h e r s  h a d .just.s h o w n .t h a t .s e v e r a l .

s i m i l a r .

p r o b l e m s  r e q u i r e  t i m e  p r o p o r t i o n a l .t o .N log N.. A f e w  d a y s  l a t e r  S h a m o s  d e -  t h e  p r o b l e m .a n d .its h i s t o r y  a t .a s e m i n a r .a t -  
Jay 

K a d a n e  
( a  C a r n e g i e - M e l l o n .

w h o .t h e  l i n e a r - t i m e  A l g o r i t h m .

4 

w i t h i n  a m i n u t e . .F o r t u n a t e l y ,  w e  k n o w  t h a t .t h e r e  c a n .b e  n o .b e t t e r  a l g o r i t h m :  a n y  a l g o r i t h m  m u s t .look a t .all.N i n p u t s . .

t h o u g h .

t h e  

o n e - d i m e n s i o n a l .p r o b l e m .

is n o w  

c o m p l e t e l y  s o l v e d ,  Grenander's 

original.

t w o - d i m e n -  s i o n a l .p r o b l e m .r e m a i n s  o p e n . .B e c a u s e  o f .t h e  c o m p u t a -  t i o n a l . e x p e n s e  o f .all.known a l g o r i t h m s ,  G r e n a n d e r  h a d .t o .a b a n d o n .t h a t .a p p r o a c h .t o .t h e  p a t t e r n - m a t c h i n g  p r o b -  

lem..

R e a d e r s  w h o .feel.t h a t .

t h e  

l i n e a r - t i m e  a l g o r i t h m  f o r  t h e  o n e - d i m e n s i o n a l .p r o b l e m .is " o b v i o u s "  a r e  t h e r e -  fore u r g e d .t o .find.a n ." o b v i o u s "  a l g o r i t h m  f o r  P r o b l e m .7! A l t h o u g h .t h e  a l g o r i t h m s  

i n  

this s t o r y  w e r e  n e v e r  i n -  c o r p o r a t e d .into.a s y s t e m ,  t h e y  d o .i l l u s t r a t e  s e v e r a l .i m -  p o r t a n t .a l g o r i t h m  d e s i g n  t e c h n i q u e s  t h a t .h a v e  h a d .sub- stantial.i m p a c t .o n .m a n y  s y s t e m s  (see t h e  s i d e b a r .o n .p a g e  

870): 

Save 

s t a t e  

t o .

a v o i d .r e c o m p u t a t i o n . .

This 

s i m p l e  f o r m  o f .dynamic p r o g r a m m i n g  a r o s e  i n  A l g o r i t h m s  2 a n d .4..By u s i n g  space t o .s t o r e  r e s u l t s ,  w e  a v o i d .u s i n g  t i m e  to.r e c o m p u t e  

t h e m . .

Preprocess 

i n f o r m a t i o n .

into.

data structures..This w a s  the 

t e c h n i q u e  

u n d e r l y i n g  

A l g o r i t h m  

2b: 

t h e  

CumArray 

s t r u c t u r e  

a l l o w e d .

t h e  

sum o f .

a 

s u b v e c t o r  

to.

b e  

a c -  

c e s s e d .

i n  just.

a c o u p l e  

o f .o p e r a t i o n s . .D i v i d e - a n d - c o n q u e r  

algorithms..

A l g o r i t h m  3 u s e s  

a 

sim- 

ple f o r m  of. d i v i d e - a n d - c o n q u e r ; .t e x t b o o k s  o n .algo- r i t h m .d e s i g n  d e s c r i b e  m o r e  a d v a n c e d .forms..S c a n n i n g  

algorithms..
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n3, n2, n.log n,n...
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n3, n2, n.log n,n...

Problèmes traitables ?
⇒ algorithmes en temps polynomial
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Conclusion 
⇒ Il y a une vraie différence entre O(n3), O(n2), et 
O(n) ! 
⇒ Il y en a encore plus entre O(nk) et O(2n),... ! 

Rechercher de meilleurs algorithmes est important.

Un problème peut s’attaquer de plusieurs manières: 
les idées sous-jacentes aux algorithmes sont très 
différentes ! 

(Higelin a tort... ce n’est pas toujours la 
première idée qui est la bonne ! ) 
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